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Abstract
We consider the sigma-model description of an open string interacting with massive fields of
the fourth (third massive) level. Equations of motion for the background fields are obtained by
demanding that the renormalized operator of the energy-momentum tensor trace vanishes.
1 Introduction
As is known, in higher dimensions d > 4 the totally symmetric tensor fields are not enough to cover all
the irreducible representations of the Poincare group (see e.g. [1, 2]) and we should take into account
the fields with mixed symmetry of the indices as well. Therefore a higher spin field theory in higher
dimensions should describe a mixed symmetry fields dynamics (see e.g. [3, 4, 5, 6, 7, 8, 9, 10, 11]). Mixed
symmetry fields naturally arise in context of superstring theory (see more about relation the string and
the higher spin theories e.g. in [2, 12, 13, 14, 15]). One of the possibilities to derive equations of motion
on higher spin fields is to consider a string theory in background fields.
The theory of a string in massless background fields provides a possibility to consider string inter-
actions in the low energy approximation [16, 17, 18, 19] (see reviews [20, 21]). The quantum Weyl
invariance of the theory is a crucial point in this approach. It means that the renormalized operator of
the energy-momentum tensor trace must vanish resulting in equations of motion for background fields.
The general analysis of the renormalized operator for a bosonic string interacting with background
metric, antisymmetric tensor and dilaton was performed in refs.[22, 23] (see also review [20]).
A natural development of the approach is to consider string in background fields which are connected
with massive modes in the string spectrum. A string interacting with any finite number of massive
background fields is non-renormalizable theory and requires infinite number of countertermes. So we
have to deal with the theory containing infinite number of terms in classical action which describe
interaction with background fields of all the massive modes. The only massive field that does not
require infinite number of counterterms is the field of tachyon but in this case non-perturbative effects
play a crucial role [24, 25, 26, 27, 28] (see also review [29]).
Several attempts were undertaken to describe string in massive background fields [27, 28, 29, 30, 31,
32, 33, 34, 35, 36, 37, 38]. All these investigations (excluding work on the tachyon problem) concerned
mainly only linear equations of motion for background fields. The linear approximation is of great
importance since the equations for background fields in this approximation should correspond to the
known equations defining the string spectrum. It was turned out that even at the linear level the whole
clarity is absent and the very possibility of going beyond the linear approximation presents difficulties.
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In ref.[39] it was proposed an approach to the string theory in massive background fields that
represents a direct generalization of the σ-model approach to the string theory in massless background
fields. there it was shown that for a closed string interacting with background fields of all the massive
modes the renormalization has a special structure. Namely, the renormalization of background fields of
any massive level requires consideration only of background fields of this level and of all the lower ones,
but is not affected by the infinite number of background fields belonging to higher levels. In principle,
our approach allows to go beyond the linear approximation.
Further in [40, 41] we developed the approach [39] to its application to the theory of open string
in massive background fields. There we investigated the renormalization in the theory of a string
interacting with arbitrary background fields both on the world sheet and its boundary and that the
renormalization has the same structure as in ref.[39]. The theory of an open string is a field theory in
space-time with boundary. Various aspects of quantum calculations in the theory of open strings were
discussed in ref. [45]. As was noted in pioneer works [17], interaction of an open string with background
fields corresponding to the open string spectrum is completely concentrated at the boundary of the
world sheet. Detailed investigation of open string in massless background fields was conducted in refs.
[42, 43, 44]. Questions of quantum field theory on a manifold with boundary were studied in works
[46, 47].
Our aim consists in construction of a σ-model type action describing interaction of an open string
with massive background fields of the fourth level and in deriving from the quantum Weyl invariance
condition effective equations of motion for these fields. So we have to build up the renormalized operator
of the energy-momentum tensor trace and to demand that it vanishes. To construct the renormalized
operator of the energy-momentum tensor trace one has to renormalize both the background fields and
the composite operators. Renormalization of fields is constructed by demanding that divergences of the
quantum effective action vanish. Since we are interested in linear approximation it is suffitient to restrict
ourselves to the study of divergences generated by fields of the only given massive level [39, 40, 41].
Contributions of all other levels contain products of several background fields and so are beyond the
linear approximation.
The paper is organized as follows. Section 2 we consider sigma-model description of an open string
interacting with massive fields of the fourth (third massive) level, describe its symmetries and construct
one-loop renormalization of the background fields. The renormalization of composite operators defining
the energy-momentum tensor trace is carried out in section 3 and in section 4 linear equations of motion
for background fields are derived and discussed.
2 Action and renormalization of background fields
In this section we will consider an open string interacting with all the massive fields of the fourth (third
massive) level, describe its symmetries and construct one-loop renormalization of background fields.
The action should be the sum of the free string action S0 and the action SI describing interaction with
the fields of the fourth massive level and containing all possible terms of the fourth order in derivatives.
After rescaling string coordinates xµ →√α′xµ the classical action has the form
S[x] = S0[x] + SI [x] (2.1)
S0[x] =
1
4π
∫
M2
d2z ∂ax
µ ∂axµ (2.2)
SI [x] =
α′3/2
2π
∫
∂M
dt e
{
x˙µx˙ν x˙ρx˙σAµνρσ + x˙
µx˙ν x¨ρBµνρ
+ x¨µx¨νCµν + x˙
µ...x νDµν +
....
x µEµ
}
(2.3)
Aµνρσ = A(µνρσ) Bµνρ = B(µν)ρ Cµν = C(µν)
2
The integral in (2.2) is taken over the whole world sheet whicn is assumed to be an uppere half-plane
y ≥ 0, z = (t, y) and in (2.3) is taken over the boundary of the world sheet, and we use the euclidian
metrics. Possibility to add an arbitrary total derivative to the Lagrangian in (2.3) yields symmetry of
the theory under transformations
δAµνρσ = ∂(ρΛµνσ) δBµνρ = 3Λµνρ + ∂(µΛν)ρ δCµν = Λ(µν)
δDµν = Λµν + ∂µΛν δEµ = Λµ Λρµν = Λ(ρµν) (2.4)
where Λρµν(x) = Λ(ρµν)(x), Λµν(x) and Λµ(x) are arbitrary functions playing the role of transformation
parameters. As one can see the fields Dµν(x) and Eµ(x) are Stuckelberg ones and the symmetry allows
us to choose them to be equal to zero. Also we can remove the completely symmetric part of the field
Bµµρ and index symmetry of this field will correspond to the ‘hook’ Young diagram. Thus the essential
background fields are A(µνρσ)(x), Bµµρ(x), C(µν)(x).
To renormalize the background fields we should first calculate divergences of the quantum effective
action. The one-loop correction to the effective action is
1
2
Tr ln(S0αβ +
α′3/2
2π
Vαβ), (2.5)
where we denote
S0αβ ≡ δ
2S0[x]
δxαδxβ
,
α′3/2
2π
Vαβ ≡ δ
2SI [x]
δxαδxβ
(2.6)
(2.5) is expanded into series in powers of (α′)1/2:
1
2
Tr ln(S0αβ +
α′3/2
2π
Vαβ) =
1
2
Tr lnS0αβ +
α′3/2
2
TrVαγG
γβ +O(α′2), (2.7)
where Green function Gαβ of a free string is determined by the equation
2πS0αβG
βγ = δγα. (2.8)
Gµν = δµν
+∞∫
−∞
dp1
2π
+∞∫
−∞
dp2
2π
1
p2
eip1(t−t
′)
(
eip2(y−y
′) + eip2(y+y
′)
)
. (2.9)
Divergences of the first term in (2.7) are cancelled by the corresponding contribution of the ghosts
providing that D= 26. Terms O(α′2) do not contribute to renormalization of the background fields
under consideration and so they are omitted.
Calculation of Vαβ gives
Vαβ(t, y; t
′, y′) = δ∂M (z)δ∂M(z
′)
4∑
k=0
V(k)αβ
dkδ(t− t′)
dtk
(2.10)
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where z = (t, y), z′ = (t′, y′) and
V(0)αβ = x˙
µx˙ν x˙ρx˙σ
{
∂2αβAµνρσ − 4∂2σβAµνρα + ∂3ρσβBµνα − ∂4νρσβDµα + ∂5µνρσβEα
}
+ x˙µx˙ν x¨ρ
{
∂2αβBµνρ + ∂
2
ρβBµνα + 4∂
2
νβBρµα − 2∂2νβBαµρ
− 12∂βAµνρα + 2∂3µνβCρα − 3∂3µνβDρα − 3∂3νρβDµα + 6∂4µνρβEα
}
+ x¨µx¨ν
{
∂2αβCµν + 2∂
2
νβCµα + 2∂βBµνα − 2∂βBαµν − 3∂2νβDµα + 3∂3µνβEα
}
+ x˙µ
...
x ν
{
∂2αβDµν − 3∂2µβDνα − ∂2νβDµα − ∂2µβDαν
+ 2∂βBµνα − 2∂βBαµν + 4∂2µβCνα + 4∂3µνβEα
}
+
....
x µ
{
∂2αβEµ + ∂
2
µβEα + 2∂βCµα − ∂βDµα − ∂βDαµ
}
V(1)αβ = x˙
µx˙ν x˙ρ
{
4∂αAµνρβ − 4∂βAµνρα − 12∂ρAµναβ
+ 2∂2νρBµβα + 2∂
2
βρBµνα − ∂3µνρDβα − 3∂3βνρDµα + 4∂4βµνρEα
}
+ x˙µx¨ρ
{
2∂αBµβρ + 2∂ρBµβα + 4∂βBρµα + 4∂µBρβα − 2∂βBµαρ − 2∂µBαβρ − 24Aµραβ
+ 4∂2µβCρα − 6∂2µβDρα − 3∂2βρDµα − 3∂2µρDβα + 12∂3βµρEα
}
+
...
x µ
{
∂αDβµ − 3∂βDµα − ∂µDβα − ∂βDαµ + 2Bµβα − 2Bαβµ + 4∂βCµα + 4∂2βµEα
}
V(2)αβ = x˙
µx˙ν
{
∂αBµνβ + ∂βBµνα + 4∂νBµβα − 2∂νBµαβ
− 12Aµναβ + 2∂2µνCαβ − 3∂2µνDβα − 3∂2νβDµα + 6∂3βµνEα
}
+ x¨µ
{
2∂αCµβ + 2∂βCµα + 2∂µCαβ + 4Bµβα − 2Bµαβ − 2Bαβµ
− 3∂βDµα − 3∂µDβα + 6∂2βµEα
}
V(3)αβ = x˙
µ
{
∂αDµβ − 3∂µDβα − ∂βDµα − ∂µDαβ + 2Bµβα − 2Bµαβ + 4∂µCαβ + 4∂2βµEα
}
V(4)αβ = ∂αEβ + ∂βEα + 2Cαβ −Dβα −Dαβ
Here the function δ∂M (z) is defined as follows
δxµ(t)
δxν(z′)
= δ(t− t′)δ∂M (z′)δµν (2.11)
and if we use (t, y) coordinates δ∂M(z) = 2δ(y).
The divergences of (2.7) are contained in the expression
α′3/2
2
4∑
k=0
∫
dtV(k)αβ(t)
(
dk
dtk
Gβα(t, 0; t′, 0)
) ∣∣∣∣
t′→t
= −µ
ǫ
ǫ
α′3/2
2π
∫
dtV(0)αβ(t)η
αβ, (2.12)
where we used that the divergences of Green function in coincident points in the framework of dimen-
sional renormalization are [46, 47]:
Gµν(t, 0; t′, 0)
∣∣∣div
t′→t
= −µ
ǫ
πǫ
ηµν ,
dk
dtk
Gµν(t, 0; t′, 0)
∣∣∣div
t′→t
= = 0, k > 0. (2.13)
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Omitting in (2.12) total derivatives we arrive at the following one-loop effective action:
Γ(1) =
α′3/2µǫ
2π
∫
∂M
dte
(
x˙µx˙ν x˙ρx˙σ(Aµνρσ − 1
ǫ
Aµνρσ)+
+ x˙µx˙ν x¨ρ(Bµνρ − 1
ǫ
Bµνρ) + x¨
µx¨ν(Cµν − 1
ǫ
Cµν) (2.14)
+x˙µ
...
x ν(Dµν − 1
ǫ
Dµν) +
....
x µ(Eµ − 1
ǫ
Eµ) + (fin),
 ≡ ηαβ∂α∂β ,
where (fin) stands for a finite part of the one-loop correction.
To cancel the divergences in (2.14) renormalization of all the background fields should be of the
form
◦
Φ= µ
ǫ(Φ +
1
ǫ
Φ) (2.15)
where Φ = (Aµνρσ, Bµνρ, Cµν , Dµν , Eµ) and ◦ denotes the bare background fields.
After the renormalization of the background fields, we should renormalize the trace of the energy-
momentum tensor to impose the condition of Weyl invariance of the theory at the quantum level.
3 Renormalization of the trace of the energy-momentum ten-
sor
In classical theory trace of the energy-momentum tensor for the theory (2.1) on the 2 + ǫ-dimensional
world sheet is
T (z) =
gab(z)√
g(z)
δS
δgab(z)
∣∣∣
gab→δab
=
ǫ
8π
gab(z)∂ax
µ∂bx
νδµν
+
α′3/2(1 + ǫ)
4π
Aµνρσ x˙µx˙ν x˙ρx˙σ δ∂M(z) + α
′3/2(1 + ǫ)
4π
Bµνρ x˙µx˙ν x¨ρ δ∂M(z)
− α
′3/2(1 + ǫ)
4π
Cµν x¨µx¨ν δ∂M(z) + α
′3/2(1 + ǫ)
2π
Cµν x˙µ...x ν δ∂M (z) (3.1)
where
Aµνρσ = −3Aµνρσ + ∂(σBµνρ) − ∂2(ρσDµν) + ∂3(νρσEµ)
Bµνρ = −2Bµνρ + 2Bρµν + 2∂νCρµ + ∂νDµρ − ∂ρDµν − 2∂νDρµ + 3∂2νρEµ − ∂2µνEρ
Cµν = Cµν −D(µν) + ∂(µEν)
To calculate the trace of the energy-momentum tensor in quantum theory we should define renor-
malized values for composite operators. Consider, for example, the vacuum average for one of these
operators:
〈Cµν(x)x¨µx¨ν〉 =
∫
Dxe−S[x]Cµν(x)x¨µx¨ν
/ ∫
Dxe−S[x].
Making the shift xµ = x¯µ + ζµ in the functional integral (x¯µ are solutions of the classical equations of
motion) and using (2.13) we get in the linear approximation:
〈Cµν(x)x¨µx¨ν〉 = µǫ ¨¯xµ ¨¯xν(Cµν(x¯)− 1
ǫ
Cµν(x¯)) + (fin). (3.2)
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Renormalized operators should have a finite average value
〈[Cµν(x)x¨µx¨ν ]〉 = Cµν(x¯)¨¯xµ ¨¯xν + (fin) (3.3)
hence
(Cµν(x)x¨µx¨ν)◦ = µǫ[x¨µx¨ν(Cµν(x)− 1
ǫ
Cµν(x))] + (fin), (3.4)
or, using (2.15),
(
◦
Cµν x¨µx¨ν)◦ = [Cµν x¨µx¨ν ] (3.5)
In the same way one can get
(
◦
Aµνρσ x˙µx˙ν x˙ρx˙σ)◦ = [Aµνρσ x˙µx˙ν x˙ρx˙σ],
(
◦
Bµνρ x˙µx˙ν x¨ρ)◦ = [Bµνρ x˙µx˙ν x¨ρ]
(
◦
Cµν x˙µ...x ν)◦ = [Cµν x˙µ...x ν ]
Similar but more tedious calculation give the following renormalization of the operator gab(z)∂ax
µ∂bx
νδµν :
(gab∂ax
µ∂bx
νδµν)◦ = [g
ab∂ax
µ∂bx
νδµν ] +
+ α′3/2
µǫ
ǫ
[
2V(0) − d
edt
V(1) +
1
2
d2
(edt)2
V(2) − 1
4
d3
(edt)3
V(3) +
1
8
d4
(edt)4
V(4)
]
δ∂M(z)
+ α′3/2
µǫ
ǫ
[
−1
2
V(2) +
3
4
d
edt
V(3) − 3
4
d2
(edt)2
V(4)
]
δ′′∂M (z)
+ α′3/2
µǫ
ǫ
[1
8
V(4)
]
δ′′′′∂M(z)
V(k) ≡ V(k)µνδµν , δ′′∂M (z) = ∂2yδ∂M(z) δ′′′′∂M(z) = ∂4yδ∂M (z)
As a result, the renormalized operator of the energy-momentum tensor trace has the form
[T ] =
α′3/2
8π
[
2V(0) − d
edt
V(1) +
1
2
d2
(edt)2
V(2) − 1
4
d3
(edt)3
V(3) +
1
8
d4
(edt)4
V(4)
]
δ∂M (z)
+
α′3/2
8π
[
−1
2
V(2) +
3
4
d
edt
V(3) − 3
4
d2
(edt)2
V(4)
]
δ′′∂M (z)
+
α′3/2
8π
[1
8
V(4)
]
δ′′′′∂M(z)
+
α′3/2
4π
[
Aµνρσ x˙µx˙ν x˙ρx˙σ
]
δ∂M (z) +
α′3/2
4π
[
Bµνρ x˙µx˙ν x¨ρ
]
δ∂M(z)
− α
′3/2
4π
[
Cµν x¨µx¨ν
]
δ∂M(z) +
α′3/2
2π
[
Cµν x˙µ...x ν
]
δ∂M(z) (3.6)
From the requirement of quantum Weyl invariance it follows that all the coefficients at the linear
independent operators in (3.6) should be equal to zero. Let us analyze the obtained equations.
4 Analysis of the equations of motions
In this section, we will simplify the equation on the background fields, which follow from the vanishing
of the renormalized trace of the energy-momentum tensor(3.6).
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First we consider coefficient at δ′′′′∂M(z). It gives equation V(4) = 0. Next we note that V(3) = 2
d
edt
V(4)
and therefore coefficient at δ′′∂M (z) gives equation V(2) = 0.
To simplify further analysis we fix the symmetry (2.4) and choose the following gauge conditions
B(µνρ) = 0, Dµν = 0, Eµ = 0. (4.1)
Under these conditions the equations of motion take the form
V(4) = 0 ⇒ Cαα = 0 (4.2)
V(2) = 0 ⇒ x˙µx˙ν
{
2∂αBµνα + 2∂νBµα
α − 12Aµναα + 2∂2µνCαα
}
= 0 (4.3)
x¨µ
{
4∂αCµα + 2∂µC
α
α + 2Bµα
α − 2Bααµ
}
= 0 (4.4)
and the part of renormalized trace of EMT which proportional to δ∂M(z) gives
x˙µx˙ν x˙ρx˙σ
{
Aµνρσ − 3Aµνρσ − 4∂2σαAµνρα + 6∂2ρσAµναα − ∂3νρσBµαα
}
= 0 (4.5)
x˙µx˙ν x¨ρ
{
Bµνρ − 3Bµνρ − 2∂2ναBαµρ − 3∂2νρBµαα − 3∂2µνBραα + ∂2µνBααρ
− 12∂αAµνρα + 6∂ρAµναα + 24∂νAµραα + 2∂νCρµ
}
= 0 (4.6)
x¨µx¨ν
{
Cµν − Cµν − 2∂αBαµν − 3∂νBµαα + ∂µBααν + 12Aµναα
}
= 0 (4.7)
x˙µ
...
x ν
{
12Aµνα
α − 2∂αBαµν − ∂νBµαα − 3∂µBναα + 2∂µBααν + 2Cµν
}
= 0 (4.8)
....
x µ
{
Bααµ − Bµαα
}
= 0 (4.9)
First from (4.9) and the gauge condition (4.1) we find that Bααµ = Bµα
α = 0 and from (4.2)
Cαα = 0. Next equations (4.3) and (4.4) give ∂
αBµνα = 6Aµνα
α and ∂αCµα = 0, respectively, and
subtracting (4.8) from (4.7) we find Cµν −Cµν = 0. Analogusly, using (4.8) equation (4.6) reduces to
x˙µx˙ν x¨ρ
{
Bµνρ − 3Bµνρ − 12∂αAµνρα + 18∂(ρAµν)αα
}
= 0. (4.10)
Extracting from this equation completely symmetric part we find 3∂(ρAµν)αα = 2∂αAµνρα and using this
relation we get from (4.5) and (4.10), respectively,
Aµνρσ − 3Aµνρσ = 0, Bµνρ − 3Bµνρ = 0.
Finally, dividing (4.8) into symmetric and antisymmetric parts one finds
6Aµνα
α + Cµν = ∂
αBα(µν), ∂
αBα[µν] = 0.
Let us summarize the obtained equations. Returning to the dimensional string coordinates xµ →
α′−1/2xµ and denoting m2 = 1/α′ one can rewrite these equations as
Aµνρσ − 3m2Aµνρσ = 0 (4.11a)
3∂(ρAµν)α
α = 2∂αAµνρα (4.11b)
Bµνρ − 3m2Bµνρ = 0 Bααµ = Bµαα = 0 (4.11c)
Cµν − 3m2Cµν = 0 ∂αCµα = 0 Cαα = 0 (4.11d)
9Aµνα
α + Cµν = 0 (4.11e)
6mAµνα
α = ∂αBµνα ∂
αBαµν = ∂
αBανµ (4.11f)
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Let us compare equations(4.11) with the equations of the third massive level of the open string spectrum.
As is known the third massive level of the open string spectrum consists of spin 4, spin 2, spin 0 fields,
and rang-3 tensor field with mixed index symmetry. We see that we do not have any scalar field and
we can not make it out of the other fields since it will be zero if we use (4.11). We suppose that the
scalar field should appear if we will consider curved world sheet. In this case, we will have several scalar
fields, one of which may be a scalar field of the string spectrum. We also note that in case of a curved
world sheet there is no room for additional spin 4 field and for additional rang-3 field with mixed index
symmetry.
Let us check whether the fields Aµνρσ, Cµν , Bµνρ describe spin 4, spin 2, and rang-3 tensor field with
mixed index symmetry, respectively. Field Cµν satisfies all the conditions to be spin 2 field (4.11d), but
it is restricted one more equation (4.11e), that is this field is not independent. In case of a curved world
sheet equation (4.11e) can be modified only by additional background fields. Therefore we can assume
that the field Cµν can not be a field from the string spectrum and should become zero in this case. As
for the remained two fields Aµνρσ and Bµνρ, we can see from (4.11) they indeed describe the spin 4 field
and the field with mixed index symmetry if we suppose Cµν = 0.
Thus, we have shown that in order to reproduce a full set of equations defining the third massive
level of the open string spectra one should consider the case of cureved world sheet of the string. The
case of flat world sheet gives us only a part of the equations on the background fields.
5 Summary
We have considered sigma-model description of an open string interacting with massive fields of the
fourth (third massive) level and have constructed the one-loop renormalization of the background fields
and the energy-momentum tensor in the linear approximation in the massive background fields. The
equations of motion for the background fields have been obtained from the requirement of quantum
Weyl invariance. It has been shown that the obtained equations are consistent with the structure of
the open string spectrum at the third massive level. It would be interesting to repeat our analysis to
consider the case when the world sheet of the string is not flat and/or to add the graviton field to the
sigma-model action of interacting open string.
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